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1. Introduction 



Over the past few years there has been considerable progress in understanding the 
structure of effective actions describing the physics of massless fields in four-dimensional 
superstring theory. The basic strategy [|T| that has proven to be very successful has 
been to extract the relevant terms in the field-theoretical Lagrangian from the S-matrix 
elements computed within the full-fledged superstring theory. In this way many important 
quantities have been determined at the classical level, including the Kahler potentials and 
the gauge and Yukawa couplings for orbifold compactifications of heterotic superstrings. 

Another important development was the observation that the duality symmetry 
between small and large radius toroidal compactifications extends to a much larger sym- 
metry group of the so-called target space modular transformations acting on the moduli 
fields [0. This symmetry can be very helpful when studying the moduli-dependence of 
the effective actions for orbifold compactifications [Q. 

More recently, the program of reconstructing effective Lagrangians from string am- 
plitudes has been pursued beyond the classical level, to higher genus in the string loop 
expansion. In particular, the moduli-dependence of the one-loop corrections to gauge cou- 
plings has been determined |^ ^ by computing the relevant string-theoretical amplitudes. 
These string loop corrections turn out to be manifestly invariant under the modular sym- 
metry transformations. The results of 0, |^ provide important constraints on the form of 
the effective action describing the physics of massless string excitations. This is due to the 
fact 0, H, 3 that the radiative corrections generated by quantum loops of massless parti- 
cles violate the target space modular invariance. Since string theory is modular invariant 
to all loop order |Ty] , the effective field theory action must contain some counterterms that 



cancel this "modular anomaly" in a way analogous to the Green-Schwarz mechanism |TT 
In this paper we determine the appropriate combination of counterterms by matching the 
field-theoretical couplings of axionic moduli to the gauge bosons with the corresponding 
string-theoretical couplings. In addition, supersymmetry constraints permit us to identify 
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the correct ultra-violet cut-offs for a consistent Pauli-Villars regularization of the effective 
low energy theory. 

Two classes of axions will be particularly important for our discussion: the universal 
axion and the model-dependent axionic moduli. The universal dilaton and axion are 
manifestations of the same superstring excitation that creates the graviton; hence they 
are present in all possible compactifications of the heterotic superstring theory. The axion 
corresponds to a two-index (Minkowski) antisymmetric field 6^,^, and together with the 
dilaton and dilatino it forms one linear multiplet L [12] of super symmetry. The effective 



tree-level supergravity Lagrangian for the dilaton sector is readily obtained |T3[ from the 
ten-dimensional Lagrangian by dimensional reduction, followed by the so-called duality 
transformation on the axion, from the two-index antisymmetric form to a pseudoscalar 
field. The dilaton supermultiplet is represented then by a scalar chiral superfield which 
is usually denoted by S. This allows a natural incorporation of the dilaton and axion 
into the Kahler structure of the locally supersymmetric four-dimensional sigma model 
describing the massless excitations of the compactified superstring. At the classical level, 
the Kahler potential has the form: 

K = G -\yi{S + S) , (1.1) 

where G is an S'-independent function of all other chiral superfields. The vacuum expec- 
tation value (VEV) of the dilatonlll s determines the gauge coupling constant g: 

\ = {Res) (1.2) 
9 



at the string scale Mg which is related to the Planck scale Mp by Mg = gMp |T3| . 

The model-dependent axions correspond to the pseudoscalar components of the chiral 
moduli superfields T whose vacuum expectation values determine the geometry (metric 
tensor) of the compactified dimensions. The symmetry group of modular transformations 



^We use upper case Roman and Greek letters for chiral supermultiplets and the corresponding lower 
case letters for their complex scalar components. 
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depends on the particular orbifold background, however it always contains at least one 
SL{2, Z) subgroup which acts on a generic modulus T as: 

T — > — , ad — be = 1 , a,b,c,d E Z . (1.3) 

icT + d 

The orbifolds that have been discussed most extensively in the context of modular sym- 
metries are the orbifolds with gauge group ® ® U{lY |T|, [7[. They contain three 
untwisted (1,1) moduli T^, / = 1, 2, 3, which transform under SL{2, Z) as in eq.(|1.3D. In 



order to make our discussion as explicit as possible, we consider here this one particular 
class of orbifolds. The corresponding Kahler potential is: 

G = T.9' + T.^MT.9W)\^^\' + o{^') , (1.4) 

I A I 

where = — ln(T + T)^, and the exponents depend on the particular matter field $^ 
as well as on the modulus in question [0]. Our considerations can be generalized in a 
straightforward way to other orbifold models. 

The transformation ( |1.3| ), supplemented by the appropriate transformations on the 
matter superfields $^ and chiral rotations on the gauginos A: 



$^ ^ exp(- J2 ^aF') A e-3(^-^)A , (1.5) 

where 

F = Y,F^ = Y,\Yi{icT^ + d), (1.6) 
effects a Kahler symmetry transformation 

K ^ K + F + F (1.7) 

in the tree-level supergravity Lagrangian. The tree-level Lagrangian is invariant under 
such transformations. 

It has been shown before by other authors 0, ^, ^ that the one-loop effective La- 
grangian £i-ioop computed within the framework of the effective field theory of massless 
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string excitations is not invariant under the transformations (|1.3| , |1.5|) because of chi- 
ral and conformal anomalies. The variation of the one loop Lagrangian [j^, |^ under the 
modular transformation ( |1.3|) is: 

5£i_ioop = Y^^EE«a / d'eiW^W^rF' + h.c.. (1.8) 

Here, the summation extends over the indices a numbering the simple subgroups of the 
full gauge group, and the moduli indices /. The constants will be specified in Section 
3, where we derive Ci-ioop- 

Since it is known that the full-fledged string theory is invariant under the orbifold 
modular transformations ( |1.3|) to all orders of its loop expansion [0, the massless trun- 



cation of string theory is inconsistent unless the effective field theory is supplemented by 
counterterms whose variation cancels the modular anomaly. These counterterms can be 
interpreted as the result of integrating out massive fields, such as Kaluza-Klein excitations 
and the winding modes. 

Two types of counterterms have been discussed in the literature in the context of 
modular anomaly cancellation. The first type [T^ is a simple gauge "kinetic" term: 



^/ = 7 E / d'efailV^W^r + h.c, (1.9) 

where the summation extends over the indices a numbering simple subgroups of the full 
gauge group, and the fa are analytic functions of the chiral superfields. They transform 
as: 

fa^fa + EviF', (1.10) 
/ 

with the constants r/^ adjusted in such a way as to cancel the modular anomaly, or at 
least a part of it. The second type of counterterm ^ is the so-called Green-Schwarz 
term Cgs which utilizes the linear multiplet representation for the dilaton supermultiplet 



15, M. We will write down Cqs after reviewing in Section 2 some basic properties of 



linear multiplets. 
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In Section 4 we will exploit the linear formalism to relate the axial couplings given in 
Section 3 to recent results from string loop calculations . This will allow us to determine 
the correct choice of counterterm, up to fluctuations about the vacuum configuration for 
the effective field theory. In Section 5 we use supersymmetry consistency constraints 
to determine the ultra-violet cut-offs for the effective low energy theory. We also write 
down the full one- loop effective gauge coupling constant, including the contributions from 
quantum loops of massless particles as well as from the counterterms. The result has an 
interesting interpretation in terms of the two-loop renormalization group equation. These 
results can have interesting implications for threshold corrections in attempts to extract 
the string parameters from data on coupling constant unification. 

We should mention at this point that some results of Sections 3 and 4 have already 
appeared elsewhere. In particular, the correct combination of counterterms was identified 
in @, P , although with little explanation. Since the problem of the moduli-dependence of 
effective actions has been obscured in the literature, which includes a number of incorrect 
statements, we address it here in a more systematic way. The novel part of this paper 
consists of a detailed discussion of axionic couplings, the determination of ultra-violet 
cut-offs and the implications for two-loop coupling constant unification. 



2. The Linear Multiple! Formalism 



The general formalism for linear multiplets has been described in Ref. |JT6[. In this 



section we review the salient properties. The standard linearity condition is WL 



WL = 0, where V and V are the supersymmetric covariant derivatives. The dilaton I 
enters as the 6 = 6 = component of L. For further discussion, it is very convenient to 
include in the linear multiplet the Yang-Mills Chern-Simons form 



^Hi^p — Alij.F,yp]a — -^Cahc-^^-^y^p , (2-1) 

where Cahc are the structure constants of the Yang-Mills group. This can be done by 
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employing the so-called modified linearity conditions p!6|: 



VVL = - Y.iWWy ; VVL = - Y^i^W)" . (2.2) 

a a 

As a result, the Chern-Simons form enters together with the field strength of the axion 
field b^i, as the 99 component of L: [Da,T>a]L\g^§^Q = — 2cr^aa7i^, where 

H'^ = le'-^p^d^b.x - l^.px) + ^AV^A, . (2.3) 

The gauge invariance of a multiplet satisfying the modified linearity condition is ensured 
by imposing the appropriate transformation properties for 6^,^. 

The Lagrangian describing one linear multiplet coupled to supergravity and matter in 
the presence of a Yang-Mills Chern-Simons form is: 

Cun = -5 I d*9EF{Z,Z,L), (2.4) 



where F is a function of chiral and antichiral superfields {Z and Z), and the linear super- 
field L. We work in the Kahler superspace formulation in which the supervierbein E 
depends implicitly on the Kahler potential K{Z, Z, L). In order to exhibit the relation be- 
tween the linear and chiral representations for the dilaton supermultiplet, it is convenient 
to consider 



Am = —S I d 9E 



F{Z, Z,L) + hL + n){S + S) 

o 



(2.5) 



where L is now an unconstrained superfield and S" is a chiral superfield. Here, fl denotes 
the full Chern-Simons superfield fl^: WQ = J^aiW^T- The superfield S plays the 
role of a Lagrange multiplier whose equations of motion enforce the modified linearity 
constraint (|2.2|) . After eliminating S by using its classical equations of motion one arrives 
at the Lagrangian ( |2.4| ). 

The duality transformation from the linear to the chiral representation amounts to 
applying the equations of motion obtained by varying Cun, eq.(p.5|), with respect to L, 
in order to express L in terms of the remaining superfields. After eliminating the linear 
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multiplet, one obtains the supergravity Lagrangian with the correctly normahzed Einstein 
term provided that the function F satisfies the condition: 

F{Z,Z,L) + \l{S + S) = 1. (2.6) 

This condition, combined with the equations of motion for L, yields a differential equation 
for the function F and the Kahler potential K, with the solution 

L) = 1 + \lV{Z, Z) + ^j ^^{Z, Z, L) , (2.7) 

where the "constant of integration" V is an arbitrary real function of the matter su- 
perfields. Here we will consider the special case in which the Kahler potential has the 
form: 

K{Z,Z,L) = G{Z,Z) + k{L), (2.8) 



where G is an arbitrary function of chiral matter superfields. Then the constraints ( |2.6| , 
O give 

r fIT — 

J —k' = -[S + S + V{Z,Z)], (2.9) 
where k' = dk/dl. This equation determines the functional dependence of L: 

L = L{X), X = S +S + V{Z,Z) . (2.10) 

When the theory is written in terms of the chiral multiplet S, the Lagrangian reads: 

Clin = -3 / d'^OE - J d'^eEQ{S + S) , (2.11) 

The first term is the standard supergravity Lagrangian with the Kahler potential K = 
G{Z, Z) + k[L{X)] 0. The second term gives rise to a gauge kinetic term |jl8[ of the form 



( |1.9| ) with a group-independent function fa = S. This is exactly the tree-level kinetic 
gauge term |]13|] of super string supergravity! In fact, the full tree-level Lagrangian is given 
by Clin corresponding to the function F determined from the Kahler potential of the 
form ( |2.8D , with G of eq. ( |1.4D , k{L) = ln(L), and the "constant of integration" ^ = 0. 
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Indeed, eq.(|2.9|) then gives L = {S + S) ^; therefore the Kahler potential has the right 
S'-dependence. 

3. Anomalies in the Effective Field Theory 

In this section we evaluate the one-loop corrections that induce modular anomalies. 
The results are obtained from standard results for the effective field theory in terms of 
component fields in the Kahler covariant [|l^ formulation of supergravity-i 

The modular transformations act on fermions as field- dependent (local) chiral rotations 
( |1.5|) . The invariance of the tree-level Lagrangian under such transformations, which can 
be thought of as a combination of the usual Kahler supergravity transformation and field 
reparametrizations, is ensured by the presence of the appropriate fermion connection in 
the kinetic energy terms.i The modular anomaly includes both the chiral and conformal 
anomalies of ordinary field theories. The chiral anomaly arises through the axial part Ap of 
the (matrix valued, moduli-dependent) fermion connection. The conformal anomaly arises 
p!9| , pO| , pT| through the dependence of the cut-off(s) A of the effective supergravity 
theory on the moduli fields which transform nontrivially under ( |1.3| ); these cut-offs may 
be different for different sectors of the theory. 

Using standard results, the one-loop correction to the Yang-Mills Lagrangian isi 

Ci-ioop = j^^ISTtgFHuAI - TimFHiiAI - 4Tr(FF^9M,) ] + 0(<^), (3.1) 

where ip represents gauge nonsinglet fields, F^^ = F^^Ta is the (matrix valued) gauge 
field strength and Tig(m) nieans the trace over the gauge (matter) representation of the 



^Tlic commonly used formulation [ |l8[ of supergravity is obtained from the Kahler covariant one by 



fixing the Kahler gauge with the choice F{Z) = lnT4^(Z) in the Kahler transformation (1.7) 



■^The kinetic energy terms for fermions are normalized canonically: £1™"°" = —iXipX + . . . 

^When matter fields ip are included in the effective Lagrangian (3.2), the contributions of chiral su- 



permultiplet loops are modified pi by TvmF^ ^ TrM/^ T^mFF -> Trw//, where /^^ = [L*^, D^] 



iF^.)M +Oiip). 
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generators T^. Provided that the axial connection and the cut-offs satisfy the conditions 
Af"'^ = '^(d.z'^^BG^M) - h.c), In = ^ , In A^, = -Bm , (3.2) 



eq.(|3.1|) takes the form 



= Y^^Tr - ^FF]^ [^.z^^B^ | + h.c. (3.3) 
which is contained in the component field expansion of the superspace result p3 



C^-,oo, = / d'eTr [w'^B^ + h.c. (3.4) 

Since the coefficient of the axial anomaly is unambiguous, the supersymmetry constraint 
( ^.21 ) can be used to determine the correct ultra-violet cut-offs. We return to this point 
in Section 5. Here we will simply use the fact that the anomalous Lagrangian ( |3.4| ) is 
uniquely determined from the knowledge of the axial vector couplings. 

First consider the gauge sector. For gauginos, the axial part of the connection is 

^? = li9,^'^^K-h-c.). (3.5) 



Due to the specific gauge kinetic term, eq. (p.. 91) with = S, the chiral gaugino current 
A^cr'^Aa couples also to another axial vector field: 



A'^'' = l{d,z-^Hs + s)-h.c.}. (3.6) 



The corresponding radiative correction of the form ( |3.1D induces an additional coupling 
of Ims to gauge bosons. In Section 4 we will argue that the loop diagrams involving 
gauge bosons cancel this radiative correction. This means that the total gauge sector 
contribution is of the form (|3.1|) , with the axial vector field of eq.( p.5|) . 

Next consider matter-loop contributions. We will evaluate the effective Lagrangian 



( p.4| ) at vanishing VEVs for gauge nonsinglet scalar fields. In this case only gauge nonsin- 
glet chiral fermion loops contribute to the chiral anomaly. The fermion matter connection 
is [here the indices a = {A, a) and (3 = {B,h) label gauge nonsinglet complex scalar fields 
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<y9^ and ip^, respectively, where a and b are the gauge indices; the index m runs over all 
scalar fields z™]: 

{Affrp = -'-{Sp,z"^^K-2T^,^d,z"^-h.c.), T^,^d,z"^ = K"^Kn,md,z"^, (3.7) 

where the second term assures invariance under reparametrization of the field variables. 

To proceed further, we restrict our attention to the class of orbifolds discussed in the 
Introduction, with the corresponding Kahler potential parametrized by a set of constants 
gj^, see eq. (|1.4|) . The following equation, which follows from eq.( p.9|) , is particularly useful 
in evaluating the reparametrization invariance connection coefficients T^^: 

^"-^{g^-LV^ iiz-^s. ^^-^^ 

It will become clear in the next section that it is sufficient to consider a limited class of 
"integration constants" V which are all equal in the limit of vanishing VEVs for gauge 
nonsinglet fields: 

V = u;Y.9' + T.PAeMi: qW^^I' + =u;G + 0{<^') , (3.9) 

I A I 

with the constant u to be determined from the requirement of modular anomaly cancel- 
lation at the vacuum; the form of the 0($^) terms is dictated by modular covariance. 
After evaluating F^^, eq.( p.7|) becomes: 

{Af:% = -'-S^, l^5id,z"^^[K-2Y.qW - 21n(l -p^L)] - /^.c.j (3.10) 

Summing the gauge and matter contributions to the effective Lagrangian (|3.1| ), and 
using the appropriate cut-offs as determined by eq.(|3.2|), the result can be interpreted as 
a term in the expansion of the following superspace expression: 

(2 \ J 

+ {C^-Clj)k{L) + 2j2Cl\n{l-pAL)\+ h.c. , (3.11) 

A J 
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where 

«a = -Q + E(l-2gi)C^A- (3.12) 

A 

Here Cq denotes the quadratic Casimir operator in the adjoint representation of the 
gauge subgroup labeled by a and C%[ = J2aCa = I]ATr(T^)^, with denoting the 
gauge group generator for the representation of It is convenient to rewrite eq.( |3.12| ) 

as 

ai = -C + b'^, (3.13) 

where C = 30 is the Casimir operator in the adjoint representation of Eg. The constants b'^ 
were determined in [0 by using the Kahler potential exponents g;^ previously computed in 
[|l[| from the appropriate string amplitudes. It turns out that b'J[ = 0, unless the modulus 
corresponds to an internal plane which is left invariant under some orbifold group 
transformations; this may happen only if an = 2 supersymmetric twisted sector is 
present. This means that for a large class of orbifolds, including the familiar and 
Zj orbifolds which contain = 1 and = 4 sectors only, the constants = —C are 
gauge group independent. This fact will have important implications for the structure of 
anomalous counterterms. 



4. Higher Genus Supergravity 

In this section, we shall discuss the implications of recent computations p of higher 
genus axion couplings for the structure of field-theoretical Lagrangians describing orbifold 
compactifications beyond the classical approximation. We will determine the appropri- 
ate combination of counterterms which are necessary in order to restore the modular 
invariance broken by the loop contributions of eq. (|3.11| ). 



The variation of the one-loop Lagrangian under the modular transformations ( |1.3| ) can 
be computed from eq. (|3.11| ). The result has already been written in eq.( |1.8|) , with the 



constants of eqs.( p.l2"| , |3.13| ). Notice that due to the assumed modular invariance of the 
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linear multiplet L, only the first term in eq. (|3.11|) contributes to this modular anomaly. 
We have already discussed in the Introduction one class of counterterms, eg. ( P-.9| ). We 
begin this section by discussing another type - the so-called Green-Schwarz counterterm 



In the linear multiplet formulation the Green-Schwarz counterterm corresponds 
to the part of Cun involving the "constant of integration" V , c.f. ( |2.7| ): 

Cgs = - [ d^OELV . (4.1) 



If the linear multiplet is invariant under modular transformations while V varies as 

V + h{Z) + h{Z), (4.2) 



then 



SCgs = E / d'eiWW^rhiZ) + h.c. + ..., (4.3) 



where we neglected the terms containing the gravitino field and the terms vanishing in 
the flat gravitational background limit. Consider for instance the function V of eq.( p.9|) , 
which transforms with h = ujJ^iF^. Then the variation (O) has a form very similar to 



eq. (|1.8|) ; therefore the corresponding Green-Schwarz counterterm may contribute to the 
modular anomaly cancellation. Notice that the assumed invariance of L under modular 
transformations requires through (|2.10|) that its dual S transforms as 

S ^S~h, (4.4) 

therefore in the chiral formulation it is the tree level gauge kinetic term [the second term 
in ( |2.11| )] which gives rise to the r.h.s. of eq.(|4.3|). 



In general, the modular anomaly can be cancelled by some linear combination of 
(|1.9D and Cqs (|4.1|). The question as to which combination actually does appear in the 



counterterm can be answered by comparing the results of recent string computations of 
the axion couplings to gauge bosons with the similar effective supergravity computations. 
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We are interested in the couplings of scalar particles to gauge bosons. The explicit 
form of the Lagrangian ( p.4[ ) expressed in terms of the component fields is rather 
complicated; however, only three types of terms will be relevant for further considerations. 
These are: 1) scalar kinetic terms and tree-level scalar couplings to gauge bosons, 2) gauge 
kinetic terms, and 3) pseudoscalar couplings to the chiral matter currents, which induce 
the couplings to gauge bosons via the usual anomaly diagrams discussed in the previous 
section. 

1) The kinetic energy terms for the scalar fields are: 

Ck^n = -| dn d,i + 1 n^n^ + {iv - G)ijd^z'd^-z^ + ]^n^v^ , (4.5) 

where 

V^ = -i{V,d^z^ -h.c). (4.6) 

Here, we list all terms involving Ti^ that give rise to the kinetic energy terms for the 
universal axion. It turns out that the last term in (^4.5| ) contains also the only tree-level 
coupling of axionic moduli to gauge fields, through the Chern-Simons form in eg. ( |2.3| ). In 
order to extract these couplings, one expands V in the fluctuations of scalar fields about 
their vacuum expectation values. Then the integration by parts yields 



IWV, = '-{V,z^ - V) = -'-{y,z^ - V) KuFr - 2d,{X^a^K)] + . . . , (4.7) 



where z denotes now the fluctuation of the scalar component of Z and the derivatives are 
evaluated at the vacuum expectation values. 

2) The gauge kinetic terms are: 

C„ = -\j:/^riF::.Fr + 2zX'^PK + 2zKPXn, (4.8) 

^ a 

where 

^T = - jj^dl-^V. (4.9) 



Note that, in agreement with eq.( |2.11 ), the duality transformation ( |2.9| ) gives A^" = Re s. 
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3) The axionic moduli couple to the chiral matter currents via the field-dependent 
fermion connections, as discussed in the previous section. There exists only one addi- 
tional source of couplings involving gauge nonsinglet fermions: the interaction term ( [4.7| ) 



contains the coupling of the field-dependent vector V^, eq.(|4.6|), to the chiral gaugino 
current X'^a'^Xa- The vector field is, in the linear formalism, the analogue of A'^ ( |3.6| ) 
whose coupling to the gaugino current is induced in the chiral formulation by the gauge 
kinetic term. 

When discussing the couplings of axionic moduli to gauge bosons it is convenient to 
consider the three-point correlation function of the two gauge fields A""^, A^" and one 
modulus , with momenta pi, p2 and ps, respectively: 

{A-^{pM"'iP2) t'iPs))^,^^,^ ^ ^'^V'^^Wa e^((^), {z)) . (4.10) 

In order to compute 0^ in the effective field theory one expands the effective Lagrangian 
in the fluctuations of moduli scalars about their vacuum expectation values. The term 
linear in the fluctuations contains then the contribution 

Wi^y+Qy)F^,^Fr. (4.11) 
^ I 

As we have already mentioned before, the only contribution to this amplitude from Cun 
( p.4|) comes from the Green-Schwarz term ( [4.1|) and is given by 



^i\cs = -l§^. (4.12) 
For completeness, we write down the analogous contribution from >C/ (IT 



In a supersymmetric theory 



= e^" = u 14) 
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therefore the couplings of axionic moduli are related to the moduli-dependence of the 
effective gauge coupling constants |Q. In fact, the simplest way to determine the mod- 
uli dependence of threshold corrections to gauge couplings in superstring theory is by 
computing the axionic amplitudes. This allows circumventing the problem of infrared 
divergences present in any direct computation of A. 

We proceed now to the discussion of higher loop corrections to the couplings of axionic 
moduli to gauge bosons. The effective couplings induced by field-dependent fermion 
connections have already been computed in the previous section. The final result has 



been written in the form of the Lagrangian Ci_ioop of eq. (|3.11| ). By expanding Ci^ioap in 
the fluctuations of the moduli fields about their vacuum expectation values (and keeping 
L fixed at its VEV) we obtain: 

Here we assumed zero vacuum expectation values of all fields except for the dilaton and 
the moduli. 

As already announced in the previous section, we have excluded from the Lagrangian 
( ^.11| ) possible contributions of the composite vector field A'^ ( ^3.61 ). In the linear formal- 



ism, this is equivalent to neglecting loop corrections to the interaction term ([4.7|) involving 
the moduli-dependent vector ( [4.6|) . The r.h.s. of eq. (|4.7| ) contains the divergence of 
the chiral gaugino current X^a^Xa- This current is not conserved due to anomalous loop 
corrections; its divergence contains a term proportional to F'^^^F^" , hence it induces an 
additional coupling of moduli to gauge bosons. However in a consistent supersymmet- 
ric theory this contribution must be cancelled by loop corrections to the divergence of 
the topological current!! e^^P^Vt^px. The reason is that the coupling under consideration 



''The loop corrections to this divergence have been considered before in ref. |2J], and are a subject 
of endless controversies. This is the reason why we do not enter into the complicated issue of actual 
computations, restricting our remarks to the consistency requirements only. 
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originates from the divergence 



d,W = --[F;,Fr - 2d,{ra^K)] . (4.16) 

which receives contributions from both the topological (first term) as well as the gaugino 
currents. This equation is a part of the linearity condition ( ^.2| ), therefore it must not 
be modified by loop corrections. In other words, there should be no radiative corrections 
to the r.h.s. of eq.([4.16|). The same combination of the topological and gluino current 



divergences couples to Im/ in an /-type counterterm (|1.9|) therefore the corresponding 
couplings of axionic fields should also remain equal to their classical values. This statement 
allows rephrasing our arguments in the chiral formulation. The coupling of Im s induced 
by the gauge kinetic term (/ = S) remains equal to its classical value; therefore Ci^ioop 
does not depend on A'^f. It is worth mentioning that if this were not the case, then the 
variation ( |4.4| ) s s — h would give additional contributions to the modular anomaly 
which could not be cancelled by any simple counterterm, c.f. eq. (|3.6| ). We conclude that 
in a theory with Green-Schwarz and /-type counterterms the loop corrections to moduli 
couplings are due entirely to the anomalous interactions involving composite fermion 
connections, which justifies using the Lagrangian ( |3.11| ) to derive eq. (|4.15| ). The final 
result in the effective field theory is: 

Qi\eff = <S>i\GS + <S>i\f + <di\loops, (4.17) 



with the corresponding contributions of eqs. (|4.12| , |4.13| , |4.15| ). 



The three-point amplitude of eq. ( [4. 101) was computed directly in superstring theory 



to all orders in the higher genus expansion. The result is 

e;i.«„, = 4,ai{(<' + f'r' + =^^^^|f^). (4.18) 

where 1] is the Dedekind eta function. We can identify now the counterterms that are nec- 
essary in the effective field theory in order to reproduce the string-theoretical amplitudes, 
by requiring 6^|e// = Qi\string, c.f. eqs.( [4.17D and ( [4. 18] ). They are, up to fluctuations of 
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the matter fields about the vacuum, 

V = uY.g' and U = -Y^^iWi^T^) . (4.19) 

modulo possible redefinitions V ^ V + h + h, fa ^ fa + h, where h is an arbitrary analytic 
function [c.f. eqs.( 4.1^ ) and ( [4.13 )]. Such a combination of counterterms also cancels the 



modular anomaly, as can be verified by using the transformation property 77^ — rj'^e^^ 
and eqs.(|r|, |0|, 

The function V = u J2i 9^ corresponds to a "minimal" Green-Schwarz counterterm in 
the sense that any function that gives u J2i 9^ in the zero limit of all gauge nonsinglet 
fields (and twisted moduli) and has the same SL{2, Z) transformation properties, provides 
an acceptable counterterm. A string computation of axionic vertices in the presence of 
non-zero backgrounds of twisted moduli and matter fields is needed in order to impose 
any further restrictions on V. The same comment applies to the function /. Eq.( |4.19|) 
is the main result of this section. The agreement between string theory and the effective 
field theory is guaranteed to all orders in loop expansion by the Adler-Bardeen theorem. 

To conclude this section we comment on the axionic amplitudes in the chiral formu- 
lation of the effective theory. We consider first the case of (3^ = 0, i.e. when the moduli 
decouple from the gauge fields, c.f. eq.( [4.18|) . In the linear formulation, the kinetic energy 



Lagrangian (|4.5| ) does not contain the mixing of the universal axion represented by b^i, 
with the pseudoscalars belonging to chiral supermultiplets. However when the universal 
axion is transformed to the chiral supermultiplet S, eq.( [4.5|) reads 

Chu = -d^t'On'Gu {l-ul) + 1' d^yd^'y + . . . ; y = s + uGjt' , (4.20) 

with and s denoting the fluctuations about their VEVs; therefore Ims mixes with 
other pseudoscalars. The asymptotic states are y and the combinations of the moduli 
that diagonalize the metric G^j evaluated at the vacuum. These are the moduli which 
decouple from the gauge fields. In the case of /3f 7^ 0, they couple with the correct 
normalization, up to unknown modulus wave function renormalizations of order ~ /. 
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Note that our results do not depend on the form of (and eventual radiative corrections to) 
the linear part k{L) of the Kahler potential. The classical limit g"^ ^ dictates though 
k{L) ln(L) as L ^ 0. 



5. Effective Cut-ofFs and Gauge Couplings 

In this section we will use the results of Section 3 to identify the effective ultra- 
violet cut-offs for the low-energy theory. This is possible due to the condition (|3.2|) 
which is necessary for a manifestly supersymmetric calculation of the conformal and chiral 
anomalies. The ultra-violet cut-offs may be different for different sectors of the theory. 
We begin with the determination of the cut-off for the untwisted matter sector. 

The untwisted matter sector consist of three charged 27 or 27 matter multiplets 
a = {A, a), A = 1,2,3. The relevant part of the Kahler potential can be ob- 
tained by dimensional reduction from ten-dimensional supergravity. It corresponds to the 
coefficients gj^ = 5^^. By comparing eqs.( p.2| ) and ( p. 101 ) we obtain 



^2^gG-23^+fc. 7=1,2,3. (5.1) 

This and the following relations are written with the accuracy of order 0{g'^). In the 
symmetric case = T"^ = = R^M^ -|- . . . , i.e. when the three complex tori have equal 
radii i?, the cut-offs ( ^.1|) are equal 

Kl = 6^/3+^= = = , (5.2) 

where we used the relation Ms = gMp and set Mp = 1 as is appropriate with the normal- 
ization condition (|2.6| ). The compactification scale A is often identified with the unification 
scale. It was first pointed out in ||2^ that in the case of orbifold compactifications the two 
scales are different; this fact will reemerge at the end of this section where we discuss the 
total sum of all moduli-dependent corrections to gauge coupling constants that include 
contributions from the matter and gauge loops as well as from the counterterms. 
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The cut-offs for tlie twisted matter fields can be determined in exactly the same way as 
in the untwisted case. They depend on the weights gj^ which are known from the results 
of p. For instance, in an = 1 twisted sector, = qa and 

A^(g^) = 6^(1-2^^)+^ (5.3) 

In general, the following property holds for all matter fields The ultra-violet cut-off 
corresponds to the Pauli-Villars regulator mass that one would obtain by supplementing 
the theory with the mirror fields in the gauge group representations conjugate to 
and adding the superpotential 

Wpy = ^$^$:4. (5.4) 
A 

Indeed, 

ml = {K^^fe^ = exp(G - 2 qW + k) , (5.5) 
therefore the mass is equal to the cut-off as determined from eqs. (|3.2| ) and (|3.10|) . 



In fact it has been shown for the simple model ||T3| that such a supersymmetric 
regularization gives consistent results for quadratically divergent one-loop correction to 
the full effective Lagrangian in the limit of a large number of gauge nonsinglet chiral 
supermultiplets. 

Finally, we use eqs. (|3.2|) and ( p.5|) to obtain the ultra-violet cut-off for the Yang-Mills 
sector. The result is 

= = g-^I^K\ (5.6) 



which is in agreement with previous results , [|I4| in a sense that will be made explicit 
below. 

We conclude by discussing the effective gauge coupling constants and their moduli- 
dependence. The cut-off dependent gauge and matter loops ( p.llj ) combine with the 



contributions of counterterms ( [4.19|) to give a manifestly modular-invariant resultE 



= K = 5^{l) - Wpi\nW{it')^^{iti){t + t)^], (5.7) 

9a ^ 1 



m = - / I - - Cl,)m -^,Y.C\ ln(l - VaI) . (5i 



where 

2 

Here, the r.h.s. are evaluated at the vacuum expectation values of the scalar fields. The 
effective gauge coupling constants exhibit nontrivial dependence f^, || on the moduli only 
if the orbifold contains an = 2 supersymmetric twisted sector, i.e. when some /3f 7^ 0. 
In particular, these couplings do not depend on the compactification scale in the case of 
Z3 orbifold, in agreement with the general arguments of . 



We close this section with a simple observation which may be important for the future 
discussions of the unification scales. In a supersymmetric gauge theory with massless mat- 



ter, the following quantity pj] is invariant under the renormalization group transforma- 
tions, at least in the two leading orders of the perturbative expansion in the renormalized 
coupling constants QaifJ')- 

1 1 2 

Sa[9a{^^),^^] = ^-T^(3Q-C^M)ln/.^+Y^ln^^(/.) + ^E^lln^l(/^)' (5-9) 

where Z'^ are the renormalization factors for the matter fields. The "renormalized coupling 
constants" g'"^ = in (|5.7| ) are scale-independent quantities, determined by the effective 
cut-offs and the tree couplings, that are related to the running coupling constants ^(/u) 
by additional terms involving the scale /i which serves as an infrared regulator. It is very 
intriguing that the moduli-independent part ( |5.8|) of A^ can be written as 



Sail) = U9a{fi),fi] , (5.10) 



if we impose as a boundary condition the relations Mg = ga{Ms) in Planck mass units 
^We write down the result for a general form of V ( |3.9D with pA ^ 0- 
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Mp = 1. Then eq.( |5.10|) holds provided that we identify 

QaiMs) = 21 , Z%{Ms) = (1 - pj)-' (5.11) 

and k(l) = ln(/), which is consistent with the results of previous sections.0 We should 
mention that a similar relation between the one-loop anomalous lagrangians and the higher 
order renormalization group equations has been pointed out before in and |T^, in the 
case of a pure Eg Yang-Mills sector with Co = C and Ca = 0. Evaluating eq.( ^.l(JD for 
a = Eg and /x = A, i.e., at the compactification scale defined in (|5.2|) , gives 



which agrees with the boundary condition for the two-loop /3-function found in and 
||14]|E In this case, eq. (|5.12| ) follows immediately from the (^-dependence of the gaugino 
cut-off (113). 

The present formalism, which incorporates the constraints of both modular invariance 
and results from higher genus string theory, has a natural interpretation with the string 



scale Ms as the scale of two- loop unification [c.f. eqs.( |5.10| , [5.11| )], up to the possible addi- 



tional, moduli-dependent threshold corrections in ( |5.7D for certain orbifolds. Determining 
whether or not this interpretation is fully consistent requires an understanding of the 
renormalization of the matter fields. 



6. Conclusions 

The linear formalism for the dilaton supermultiplet provides a natural framework for 
incorporating a Green-Schwarz counterterm that cancels the modular anomaly induced 

by quantum corrections in the effective low energy field theory. The modular anomaly is 
''Note that such wave function renormaUzations restore the tree-level form of the kinetic energy terms 

for the matter fields, c.f. eq.( |4.5| ). 

^In these references, fc = — ln(5 + S) was used for the dilaton Kahler potential. 
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related to the axial and conformal anomalies of ordinary field theory through the nontrivial 
transformation properties of the axial currents and the cut-offs of the effective theory 
under modular transformations. There are a priori three types of axial currents coupled 
to fermions in a general supergravity theory: the axial U{1) current associated with 
Kahler invariance, the Kahler connection for matter associated with invariance under 
field redefinitions, and an additional axial current coupled to gauginos that arises from 
the noncanonical form of the gauge supermultiplet kinetic energy. We have argued that 
the contribution of this last current to the one-loop chiral anomaly must be cancelled 
by other contributions involving gauge-sector loops. The remaining axial currents are 
determined once the Kahler potential is specified. In effective field theories from orbifold 
compactifications of superstring theory the Kahler potential is known at the classical level 
to lowest order in fluctuations about the vacuum; we have studied the induced anomalous 
couplings in the same approximation. 

Results from string theory imply that the fully quantum corrected theory is modular 
invariant to all loop orders. This implies that the effective low energy theory must be 
modified to include anomaly cancelling counterterms. The anomalous terms induced at 
one loop of the unmodified effective field theory include couphngs of the Yang-Mills field 
to the axionic moduli; these couphngs are changed once the counterterms are included, 
and the full ImtFF vertex depends on the precise choice of counterterm. As discussed 
in the text, there are different types of counterterms that can by used to cancel the 
modular anomaly. We have used the results of string loop calculations of the axion- Yang- 
Mills vertex to determine the correct choice of counterterm. For those cases in which this 
coupling has been shown to vanish, implementation of anomaly cancellation is particularly 
straightforward within the linear formalism, because, in contrast with the chiral dilaton 
multiplet S, the linear dilaton multiplet L is modular invariant and unmixed with the 
moduli multiplets to all orders in the gauge coupling constant. 

The forms of the chiral and conformal anomalies are related by supersymmetry. We 
used this constraint to determine the field dependence of the cut-offs of the effective low 
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energy theory which appear exphcitly in the component field expression for the confor- 
mal anomaly. The results for matter fields coincide with the regulator masses obtained 
by a supersymmetric (but not modular invariant) Pauli-Villars regularization via the in- 
troduction of a bilinear superpotential for heavy regulator fields, and the result for the 
gauge sector agrees with results from earlier studies of effective lagrangians for gaugino 
condensation. Our final result for the renormalized gauge coupling constants has a simple 
interpretation in terms of the renormalization group invariants, with two-loop unification 
occuring at the string scale (up to possible additional moduli-dependent threshold effects 
that can be present in orbifold compactifications with an = 2 twisted sector). 

Our results should have interesting implications for applications of the renormaliza- 
tion group equations to the low energy theory, such as threshold corrections to coupling 
constant unification and effective lagrangians for hidden gaugino condensation. 
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